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Abstract
It is well known that a Heegaard surface may destabilize after Dehn filling, reducing the genus by
one or more. This phenomenon is classified according to whether or not the core of the attached solid
torus is isotopic into the destabilized surface. When it is, the destabilized surface will be a Heegaard
surface for infinitely many fillings, arranged along a destabilization line in the Dehn surgery space.
Here we demonstrate that a destabilization line corresponds to a slope bounding an essential surface.
Such slopes are known to be finite in number and therefore so is the number of destabilization lines.
We apply this result to study Heegaard genus. In particular we prove, using purely topological
techniques, that if X is any a-cylindrical manifold, then there are an infinite number of Dehn fillings
on X which produce a manifold of the same genus as X. Ó 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction
The study of Heegaard splittings is the study of decompositions of 3-manifolds into
compression bodies. In many cases, it is rather easy to find a Heegaard surface for a given
manifold or family of manifolds. It is, however, difficult to show that a given Heegaard
splitting is minimal. For example, the standard presentation of the Poincaré Dodecahedral
Homology Sphere as the quotient of the dodecahedron has 4 edges. Their neighborhood
gives a Heegaard splitting of genus 4, but is it minimal? In fact, the minimal Heegaard
genus of that manifold is 2.
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One traditional way to construct 3-manifolds is via Dehn filling, where a solid torus is
attached to T ⊂ ∂X, an incompressible torus in the boundary ofX. The (infinite) collection
of manifolds thus obtained is called the Dehn filling space of X, denoted D(X). So it is
natural to study the connection between the Heegaard structure of X and that of manifolds
in D(X).
It is easy to see that any Heegaard surface forX is a Heegaard surface for anyM ∈D(X)
(see, e.g., [9] for more detail). The converse is not always true: after filling, Heegaard
surfaces for X may destabilize, yielding Heegaard surfaces of arbitrarily lower genus for
manifolds in D(X). In particular, it is of interest to ask whether there necessarily exist any
fillings at all for which the Heegaard structure is identical to that of X.
Indeed, when X is a negatively curved manifold, Moriah and Rubinstein proved [8] that
for all but finitely many fillings on X, a minimal genus Heegaard surface of the filled
manifold is either a Heegaard surface for X or a surface with properties very similar to that
of a Heegaard surface (and corresponds to what we call an almost Heegaard surface). This
proves the existence of filled manifolds where the genus does not drop at all. The analysis
is not restricted to Heegaard surfaces of minimal genus, but holds for any collection of
Heegaard surfaces of bounded genus. In [9] Rieck uses topological techniques to generalize
these results for a-cylindrical manifolds.
When considering Dehn fillings on X it is useful to divide the analysis into three cases.
A Heegaard surfaceΣ of any filled manifoldM satisfies exactly one of the following three
conditions:
(1) the core of the attached solid torus is isotopic into Σ and Σ is itself a Heegaard
surface for X (perhaps after an isotopy in M),
(2) the core of the attached solid torus is isotopic intoΣ butΣ is not a Heegaard surface
for X, or
(3) the core of the attached solid torus is not isotopic into Σ (and Σ is therefore not a
Heegaard surface for X).
The first possibility may occur. It is our goal to show that it often does. It was shown
in [9] that when discussing Heegaard surfaces of bounded genus, the last possibility can
happen only in a bounded set of manifolds. (The bound given there on the distance between
such fillings is quadratic in terms of the genera of the Heegaard surfaces.) Pick Σ a
Heegaard surface for M . We call the pair (M,Σ) good if Σ can be isotoped so that either
of (1) or (2) occur, and bad if (3) occurs.
It is therefore the second possibility which we seek to restrict. If we isotope the core
of the attached solid torus into the Heegaard surface Σ and drill it out, we are left with
a twice punctured surface Σ∗ ⊂ X which decomposes X into two compression bodies.
We call such a surface an almost Heegaard surface for X (Heegaard surfaces are closed).
In addition, this phenomenon will occur for an infinite number of manifolds in D(X);
specifically those filled manifolds where the meridional disk of the attached solid torus
intersects the surface framing of Σ∗ exactly once (see following section for the necessary
definitions). Such a set is called a destabilization line in the Dehn surgery space, and is
defined by the slope of the surface Σ∗.
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By an adaptation of the ideas in [1] to almost Heegaard surfaces we prove the following,
our main tool:
Theorem 5.1. Let (M,Σ) be a good filling. Then one of the following holds:
(1) Σ is a Heegaard surface for X (perhaps after an isotopy in M), or
(2) the slope of the almost Heegaard surface Σ∗ is the boundary slope of a separating
essential surface of genus less than or equal to that of Σ∗.
In other words, the slope defining the destabilization line is also the slope of an essential
surface in X (of genus less than Σ∗). This yields two restrictions on the number of
destabilization lines inD(X). First, there are at most a finite number of destabilization lines
in D(X). This follows immediately from [4], where the number of slopes on T bounding
essential surfaces in X is shown to be finite. The second follows from [9,12] and is a
bound on the distance between the slopes of two distinct destabilization lines. This bound
is quadratic in the genera of the almost Heegaard surfaces defining the destabilization lines.
As the Dehn surgery spaceD(X) cannot be constructed from a finite number of lines, from
either restriction we obtain:
Corollary 4.3. Let X be an a-cylindrical manifold of Heegaard genus g. Then infinitely
many manifolds in D(X) have Heegaard genus g.
2. Preliminary notation
We introduce the main concepts and notation briefly here. All manifolds and surfaces are
assumed to be orientable and compact. For further discussion of these concepts we refer
the reader to [5,11]. See also [7] for discussion of handlebody theory.
Let M be a 3-manifold,Σ ⊂M an embedded surface. Let D be an essential embedded
disk so that D ∩ Σ = ∂D. Let N be a neighborhood of D of the form D × I , with
N ∪Σ = ∂D× I . By a compression ofΣ alongD we mean removing the annulus ∂D× I
from Σ and replacing it by the disks ∂N − ∂D× I .
We have singled out the following definition of boundary compression as our notion of
triviality differs slightly from the usual one:
Definition 2.1. Given (Σ, ∂Σ) ⊂ (M,∂M) a properly embedded surface, let D be an
embedded disk whose boundary consists of 2 arcs meeting at their endpoints, one arc—
say α—on Σ and the other—say β—on ∂M . Let N ∼= D × I be a neighborhood of D.
A boundary compression of Σ along D is the surface obtained by replacing α × I by
D × ∂I . A boundary compression is called trivial if the loop ∂D can be isotoped to be
disjoint from ∂Σ (i.e., if either α or β is trivial). A properly embedded surface that has no
non-trivial boundary compressing disks is called boundary incompressible.
The only case which we call a trivial boundary compression that is usually considered
non-trivial is when the arc β is trivial but α is not. Such a boundary compression implies a
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compression and thus for incompressible surfaces the notions agree, and in particular our
notion of essential surface is standard:
A (not necessarily closed) surface embedded in a 3-manifold is called essential if it is
either a sphere not bounding a ball, or it is incompressible, boundary incompressible, and
not isotopic into the boundary.
Let Σ be a closed surface, I = [−1,1]. A compression body is a 3-manifold obtained
by attaching 2- and 3-handles to Σ × I , where no attachment is performed alongΣ × {1}.
The boundary of a compression body is then viewed as having 2 parts, ∂+ and ∂−,
where ∂+ = Σ × {1} and ∂− = ∂ − ∂+. ∂+ is called the attaching region. Note that the
attaching region ∂+ compresses in the compression body to the surface ∂− and 2-spheres
bounding balls. If ∂− = ∅, by viewing the compression body upside down we see that it is
a handlebody.
A Heegaard surface for a 3-manifold M is a separating closed embedded surface Σ
so that M cut open along Σ consists of 2Σ . Since a compression body with ∂− = ∅
is a handlebody, for a closed manifold this notion agrees with the standard definition of
Heegaard surface. The Heegaard genus (or simply the em genus) of a 3-manifold M is
defined as the genus of the minimal genus Heegaard surface and denoted by g(M).
A Heegaard surface is called reducible, if there exists a pair of disks, D1 and D2, one
properly embedded in each compression body, so that ∂D1 = ∂D2; else—irreducible.
If ∂D1 ∩ ∂D2 = ∅ then the Heegaard surface is called weakly reducible; else—strongly
irreducible.
Let X be a 3-manifold, and T ⊂ ∂X an incompressible torus. By Dehn filling we mean
attaching a solid torus to X along T . If the boundary of a meridional disk of the solid
torus gets identified with a curve whose homology class is α we say that the filling was
performed along the slope α. The is parameterized by Q = Q ∪ {1/0}. The set of all
manifolds obtained by filling T is named the Dehn surgery space and denotedD(X).
Let ∆(·, ·) be the geometric intersection of curves in T . We call the number∆(α,β) the
distance between the curves α and β, or between the corresponding fillings. Note that for
this combinatorial distance function the triangle inequality does not hold. It is well known
(see, e.g., [2]) that bounded sets in Q are finite.
An essential concept for this work is that of a line in the Dehn surgery space,D(X). Pick
2 slopes α and β so that∆(α,β)= 1. A line is a set of slopes of the form {nα+β | n ∈ Z}.
This line consists of all the slopes defined by curves meeting α once. We say that this line
is defined by α. The distance between two lines is defined as the distance between their
defining curves, i.e., the distance between the lines defined by α1 and α2 is ∆(α1, α2).
3. Heegaard surfaces for manifolds in D(X)
As mentioned above there are only finitely many bad fillings of bounded genus. This
constraint allows us to concern ourselves only with good fillings (M,Σ), where the core
is isotopic onto the Heegaard surface. Isotope the core into Σ and drill it out. The surface
Σ becomes a twice punctured surface Σ∗, properly embedded in X. The boundary of Σ∗
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Fig. 1. An almost Heegaard surface.
Fig. 2. Pushing Σ∗ “up”.
consists two copies of a curve γ on T , which α, the meridian of M , intersects precisely
once. The surface Σ∗ behaves like a Heegaard surface, cutting the manifold X into two
compression bodies, C1 and C2. HoweverΣ∗ does not satisfy the usual requirement that a
Heegaard surface is a closed surface. This leads to the definition:
Definition 3.1. A twice punctured surface (Σ∗, ∂Σ∗)⊂ (X,T ) is called almost Heegaard
if X cut open alongΣ∗ consists of 2 compression bodies, with the attaching region of each
being a copy of Σ∗ union an annulus from T . See Fig. 1.
In general, there may be many isotopies of the core into Σ , each yielding a distinct
almost Heegaard surface Σ∗ often with different slopes.
Given any surface Σ∗ with ∂Σ∗ ⊂ T consisting of two simple closed curves, one can
“close” Σ∗ to obtain Σ̂∗ ⊂X by attaching to it one of the two annuli T − ∂Σ∗. Although
this operation can be done in two distinct ways we shall always name the resulting surface
Σ̂∗ and specify which surface we are referring to by saying that Σ̂∗ is obtained from Σ∗
by pushing Σ∗ to the specific side. Running between Σ̂∗ and T is an annulus A; cutting
Σ̂∗ open along A returns the original surface Σ∗. See Fig. 2.
In fact, we may think of any almost Heegaard surfaceΣ∗ ⊂X as being obtained from a
good filling (M,Σ). If Σ∗ is an almost Heegaard surface in X, we can cap it off to obtain
Σ̂∗. Let γ be the boundary slope of the almost Heegaard surfaceΣ∗. It is well known ([6],
see also [11]) that Σ̂∗ is a Heegaard surface for every Dehn filling for which the attached
meridian intersects γ once exactly. In other words, Σ̂∗ is a Heegaard surface for the line in
D(X) defined by γ . We may think of Σ∗ as being obtained from Σ = Σ̂∗ after isotoping
the core of the attached solid torus into Σ in any one of these manifolds, and then drilling
it out.
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We are interested in constraining those good fillings (M,Σ) for which Σ cannot be
isotoped (in M) to be a Heegaard surface for X. In this case, if Σ has genus g, X
will possess a Heegaard surface of genus g + 1, obtained by stabilizing Σ once. For
each manifold M on the line determined by the slope γ = ∂Σ∗, the surface Σ̂∗ is a
destabilization of a Heegaard surface in X. This line is therefore called a destabilization
line in D(X):
Definition 3.2. Let Σ∗ be an almost Heegaard surface with slope γ = ∂Σ∗. The line in
D(X) determined by γ is a destabilization line if for some manifold M on the line the
surface Σ̂∗ is not isotopic in M to a Heegaard surface for X.
Remark 3.3. Σ̂∗ is a Heegaard surface for every manifold M in the destabilization line.
We will make use of the following criterion for detecting Heegaard surfaces of X.
(Recall that our definition of boundary compression is slightly non-standard, see Defini-
tion 2.1.)
Lemma 3.4. Let Σ∗ be an almost Heegaard surface for (X,T ). Then some surface
Σ̂∗ ⊂X is a Heegaard surface for X if and only if Σ∗ is boundary compressible.
Note that when Σ∗ is boundary incompressible, Σ̂∗ ⊂ X is not a Heegaard surface for
X. However, it is distinctly possible that Σ̂∗ ⊂M is isotopic (in M) to a Heegaard surface
for X. In that case the isotopy would necessarily pass through the attached solid torus.
Proof. Suppose that Σ̂∗ ⊂M is a Heegaard surface and let A be the annulus to compress
along to obtain Σ∗ ⊂ X. As Σ̂∗ is a Heegaard surface for X we can find an annulus A′
joining Σ̂∗ to ∂T and intersecting A in a single essential arc. As we compress Σ̂∗ along
A, the annulus A′ becomes a boundary compressing disk for Σ∗.
Conversely, let D be the non-trivial boundary compression for Σ∗, say to the side C1.
According to our definition of boundary compression,D must join distinct components of
∂Σ∗. ConsiderD, a disk constructed from two copies ofD banned together by an annulus
that runs along γ . D cuts a solid torus of C1 for which γ is the core. It is now an easy
matter to see that Σ̂∗ is a Heegaard surface for X. 2
4. The results
To bound the number of destabilization lines, we aim to make use of another (well
known) constraint on manifolds in the Dehn surgery space, or (equivalently) on slopes of
T : in [4] Hatcher proved that there are only finitely many slopes on a boundary torus which
bound essential separating surface. In [10] it was shown that the distance between 2 such
surfaces is bounded (in terms of the genera) by f (g1, g2)= 18g1g2 + 18g1 + 18g2 + 8.
However, we cannot apply these results to almost Heegaard surfaces directly. Although
(by Lemma 3.4) we may assume that an almost Heegaard surface yielding a destabilization
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Fig. 3. The genus of manifolds in the Dehn surgery space D(X) of an a-cylindrical manifold.
line is boundary incompressible, we may not assume that it is incompressible. In the next
section we prove Theorem 5.1 (quoted above) which rectifies this situation.
The observant reader has surely noted that this theorem gives us finiteness of
destabilization lines as we wanted from Hatcher’s Theorem, and an explicit bound on the
number of destabilization lines for surfaces of bounded genus. Thus we obtain:
Corollary 4.1. There are only finitely many destabilization lines in the Dehn surgery
space.
Since we defined the distance between lines as the distance between their defining
slopes, using the bound quoted above we get in addition:
Corollary 4.2. Let X be an a-cylindrical manifold. Then the distance between destabi-
lization line of surfaces of genus g1 and g2 is bounded by f (g1, g2) = 18g1g2 + 18g1 +
18g2 + 8.
In particular, we may use these results to study the Heegaard genus of the manifolds
in D(X), where X is a-cylindrical and T incompressible. See the schematic in Fig. 3.
For each manifold M ∈D(X) choose a Heegaard surface Σ of minimal genus. If X has
Heegaard genus g then the genus of any Σ is at most g, as any Heegaard surface for X
is a Heegaard surface for M . Given the pairs (M1,Σ1) and (M2,Σ2) where the surfaces
are both of genus less than g − 1, both are bad. Therefore their distance is bounded by a
function of their genera, and hence by g. This set of manifolds is bounded and hence finite.
(The genus may degenerate arbitrarily in this set.) If (M,Σ) is a good filling and has genus
g′ < g, then M lies on a destabilization line and g′ = g− 1. As the number of such lines is
bounded, D(X) contains infinitely many manifolds that are not in the bounded set or the
finite number of destabilization lines. We obtain:
Corollary 4.3. Let X be an a-cylindrical manifold of Heegaard genus g. Then infinitely
many manifolds in D(X) have Heegaard genus g.
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In Theorem 5.1 we will prove that an almost Heegaard surface which does not
correspond to a Heegaard surface implies the existence of an essential surface with the
same slope. Here we demonstrate a constraint on essential surfaces that are not Heegaard.
Theorem 4.4. Let (F, ∂F ) ⊂ (M,T ) be an essential, separating surface with ∂F
consisting of 2 simple closed curves. If F is not an almost Heegaard surface then M
contains a closed, non-peripheral surface of genus less then g(F ).
Remark 4.5. This theorem is true in greater generality: we do not need the number of
boundary components of F to equal 2. All we need is that at least one of the complementary
regions is not a compression body, with F a subset of its attaching region.
Proof. Since F is not almost Heegaard, at least one of the components of M cut open
along F is not a compression body (or F is not in its attaching region). Push F into that
component to obtain F̂ . As (within that component) F̂ is not the attaching region of a
compression body, after compressing it as much as possible we obtain a surface with at
least one (closed) essential component that is not peripheral. Since F is incompressible,
this component will be essential in M .
WhenΣ is strongly irreducible (by definition) there can be no disjoint collection of disks
on opposite sides ofΣ∗. This allows us to greatly simplify the proof given in Section 5 and
we get a stronger statement (with no references to isotopies in M) namely:
Theorem 4.6. Let (M,Σ) be a good filling where Σ is a strongly irreducible Heegaard
surface for M . If Σ∗ is boundary compressible, then Σ̂∗ is a Heegaard surface for X. If
Σ∗ is boundary incompressible then Σ∗ is either essential or compresses to an essential
surface.
Of course, a surface obtained by compressingΣ∗ will have the same boundary slope as
Σ∗ does.
We will not prove this theorem here, but note that when Σ strongly irreducible, there
cannot be disks compressing it simultaneously on both sides, so (in the terminology of
Section 5) we may assume that one of the disk collections there, say ∆2, is empty. In
this case the compression body C′2 is a product and no boundary compressions of A are
required.
Theorems 4.6 and 4.4 can be combined to show that if X does not contain a closed
essential surface, we can always pick an essential almost Heegaard surface to define a
destabilization line:
Corollary 4.7. Let X be a manifold containing no closed essential non-boundary parallel
surfaces and γ the slope of a destabilization line inD(X). Then there is an essential almost
Heegaard surface Σ∗ with slope γ .
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Proof. Choose Σ∗ to be the almost Heegaard surface of least genus among those that
define the destabilization line. If Σ̂∗ is a strongly irreducible splitting for any manifold
on the line defined by γ , the conclusion holds by an application of Theorems 4.6 and 4.4.
Otherwise Σ̂∗ is weakly reducible for every manifold on the line defined by ∂Σ∗. In this
case [1] implies that an infinite number of these manifolds contain essential surfaces of
genus less than g or Σ̂∗ is reducible (since X contains no essential surface, we assume
stabilized) in an infinite number of these manifolds. Neither option is viable. If an infinite
number contain essential surfaces then so would X by [4]. If an infinite number were
stabilized, the core would have to be isotopic into the destabilized surface for all but
a finite number by [9]. By Corollary 4.1, only finitely many of these may define new
slopes, corresponding to different destabilization lines. This contradicts the minimality of
the genus of Σ∗.
Remark 4.8. We note that we obtain finiteness on the total number of destabilization lines,
without bounding the genus. However, the authors know of no bound on the size of the
set of bad fillings, unless the genus is bounded. It makes sense to conjecture that such
a bound—perhaps even universal—exists, and we believe that finding one will be very
interesting.
5. Compressible almost Heegaard surfaces
Our goal in this section is stating and proving Theorem 5.1. This theorem shows that
each slope of an almost Heegaard surface of genus g is a boundary slope of an essential
surface of genus g or less or the given almost Heegaard surface corresponds to a Heegaard
surface of the manifoldX. Generally, we choose an almost Heegaard surface and compress
it along a maximal collection of compressing disks. The difficulty lies in demonstrating that
the resulting surface is neither compressible nor boundary compressible, and in particular
is not a boundary compressible annulus. We reach this conclusion by an adaptation of the
proof of the main theorem in [1] to almost Heegaard surfaces. Note that unlike the work
done in [1] we have no assumption analogous to strong irreducibility.
Theorem 5.1.
Let (M,Σ) be a good filling. Then one of the following holds:
(1) Σ is a Heegaard surface for X (perhaps after an isotopy in M), or
(2) the slope of the almost Heegaard surface Σ∗ is the boundary slope of a separating
essential surface of genus less than or equal to that of Σ∗.
Remark 5.2. There may be many ways of isotoping the core of the attached solid torus into
Σ , yielding distinct surfaces Σ∗, sometimes with different slopes. Theorem 5.1 applies to
all of them.
Proof. Let γ be the slope of a given surface Σ∗. As noted in the remark, there may be
many surfaces Σ∗ with slope γ , each obtained by isotoping the core of the attached solid
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Fig. 4. Compressing Σ∗ to obtain Fi.
torus into Σ and removing it. We may assume that each of these surfaces is boundary
incompressible. If any such Σ∗ is boundary compressible, by Lemma 3.4 the surface Σ
satisfies the first conclusion of the theorem. Furthermore, we may assume that each of these
surfaces is compressible, for if any Σ∗ is incompressible, it is then essential and satisfies
the second conclusion.
AsΣ∗ is an almost Heegaard surface it cutsX into two compression bodies, yielding the
decomposition X = C1 ∪Σ∗ C2. Let ∆0 be an embedded collection of compressing disks
for Σ∗. Then ∆0 =∆1 ∪∆2, where ∆i ⊂ Ci, i = 1,2. Let Fi denote the surface obtained
by compressing Σ∗ along the collection ∆i , for i = 0,1,2. See Fig. 4.
Define the complexity of a surface F0 by
c(F0)=Σ
(
1− χ(F ′0)
)
, (1)
where the sum is taken over each component F ′0 of F0 that is not a sphere. (Clearly
c(F0)> 0, and compressing a surface reduces its complexity.)
Among the almost Heegaard surfaces Σ∗ with slope γ choose a particular one and a
collection of compressing disks for it, ∆0, so that the choice minimizes c(F0).
Remark 5.3. Unless Σ∗ was essential (and proves the theorem), the collection∆0 is non-
empty and the genus of F0 (or any component of it) is strictly less than that of Σ∗.
As the boundary slope of F0 is the same as that of Σ∗, Theorem 5.1 will follow from
the following claim.
Claim 5.4. Let Σ∗ and ∆0 be chosen as above. Then the component (or components) of
F0 which contains ∂F0 is an essential surface.
We will assume that the claim does not hold, so F0 is compressible or boundary
compressible, and derive a contradiction. The surface F0 separates X into two sides,
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Fig. 5. The set up.
X1 and X2. We obtain X1 by compressing C1 along ∆1 and attaching to it a regular
neighborhood of the collection∆2, N(∆2), and obtain X2 analogously. The disk D giving
the compression or boundary compression is properly embedded in one side, say X1. Push
off F1 into X1 to obtain F̂1 (see Fig. 5).
Note that F̂1 divides X1 into two pieces. One piece, call it C′1, is homeomorphic to C1
compressed along ∆1 and is thus a compression body. The second, call it C′2, is also a
compression body as it is obtained by attaching a collection of 2-handles (namely N(∆2))
to F̂1 × I . In both cases F̂1 is the attaching region.
Thus F̂1 is a Heegaard surface for the manifold X1 and D is a boundary reducing disk
for the manifold X1.
Let A be the embedded annulus running between T and F̂1. Compressing F̂1 along A
gives back a copy of F1. We may also use the product structure of F̂1 × I to extend (and
not rename) the disks ∆2 so that their boundary is on F̂1.
The disk D is a ∂-reducing disk for X1. By an extension of Haken’s Lemma (Lem-
ma 1.1 of [1], see also [3]) there exists a disk with the same boundary as D that intersects
the splitting surface F̂1 in a single circle. Using this, from this point on we assume that
D ∩ F̂1 ∼= S1.
Let AD be the annulus D ∩ C′2. Then AD ∩ (∆2 ∪A) is a collection of arcs and closed
curves. Modify A and ∆2 by isotopy and boundary compressions in C′2 so that
(1) D ∩C′1 is a single disk.
(2) ∆2 is a complete collection of disks for C′2.
(3) ∆2 ∩A= ∅.
(4) |AD ∩ (∆2 ∪A)| is minimal.
Both A and AD are incompressible in the compression body C′2. There can be no closed
curves of intersection that are inessential inAD as innermost such curves can be eliminated.
Any intersection curve that is essential in AD would also be essential in A. However, this
would imply that the curve γ bounds a disk (cut and paste A andD) which contradicts our
assumption that the boundary T is incompressible.
The disk D intersects γ either not at all or once (when D is a ∂-compression). Hence
there is at most one arc of intersection that is essential inAD . As outermost inessential arcs
of intersection can be eliminated through isotopy or boundary compression in C′2, we may
assume there are none. (Note that since both A and AD have one boundary component on
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F0 and the other on F̂1 an arc of intersection is inessential in one if and only it is inessential
in the other.)
We conclude that the intersection, AD ∩ (∆2 ∪ A), is empty when D is a compression
and a single essential arc of intersection with A when D is a boundary compression. Let
D′ be the diskD∩C′1. The boundary of the essential diskD′ is disjoint from the collection
∆2. By isotopy we may also arrange that D′,∆2 and A are disjoint from the collection of
balls N(∆1).
We obtain a surface isotopic (in M) to Σ by gluing F̂1 to itself along the collection
∆1. Compress this copy of Σ along the annulus A to obtain an almost Heegaard surface
Σ∗. If we had modified the annulus A by boundary compressions this surface may not
be isotopic to the original surface Σ∗. Boundary compressing the annulus A corresponds
to changing the particular isotopy of the core of the attached solid torus into the surface
Σ . However, the boundary component of A lying on T is unchanged by these boundary
compressions, and the newΣ∗ has the same boundary slope γ . Moreover, the disks∆1,∆2
and D′ are embedded and disjoint compressing or boundary compressing disks for the
almost Heegaard surface Σ∗.
If D were a boundary compressing disk for F0, the disk D′ is now a boundary
compressing disk for the new almost Heegaard surface Σ∗. Again by Lemma 3.4 this
implies that Σ can be isotoped to be a Heegaard surface for X.
Alternatively, if D were a compression for F0, the collection ∆′0 = ∆1 ∪ D′ ∪ ∆2
is now a collection of compressing disks for the new almost Heegaard surface Σ∗.
Compressing F0 along D strictly reduces its complexity (else D′ was trivial). Moreover,
it is homeomorphic (perhaps modulo some S2 components) to the new Σ∗ compressed
along∆′0. This conclusion contradicts the minimality of c(F0) in our original choice of the
surface Σ∗ and disk collection ∆0. 2
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